Abstract. Elastostatic bending behavior of a two-directional functionally graded sandwich (2D-FGSW) beam under various types of nonuniform distributed load is studied. The beam is considered to be formed from a pure ceramic hardcore and two-directional functionally graded (2D-FG) skin layers. Based on a 3D-quasi shear deformation theory, a finite element model is derived and employed in the study. Elastostatic response of the beam is computed for the beam with different boundary conditions and aspect ratio. The effects of the material distribution and the loading type on the deflections and stresses distribution are investigated and highlighted. The influence of the aspect ratio on the behavior of the beam is also examined and discussed.
INTRODUCTION
Functionally graded materials (FGMs), a new type of advanced composites initiated by Japanese researchers in mid-1980, are increasingly used as structural components in aerospace, energy and automotive reactor industries. FGMs are formed by continuously and smoothly varying constituent materials, usually ceramics and metals, in one or more desired spatial directions. The physical and mechanical properties of the resulted materials are continuous functions of the spatial coordinates, and this feature enables the materials to overcome the drawbacks such as delaminating and stress concentration which are often seen in conventional laminated fiber reinforced composites.
Beam as a major part in many structures are often subjected to various types of external loads. In order to improve the performance of beam, FGMs are widely employed to fabricate this kind of structural component for use in severe environment. Comprehending the mechanical 382 behavior of FGM beams under different types of loading is crucial for efficient design of structures. Many investigations on free vibration [1] [2] [3] [4] [5] , forced vibration [6] [7] [8] [9] [10] , bending [11] [12] [13] [14] [15] , buckling [16] [17] [18] behavior of FGM beam have been reported in recent years. The material properties of the beams in the above cited references are considered to vary in only one direction, the thickness or the longitudinal direction of the beams.
In many practical circumstances where the conventional one-directional FGMs (1D-FGMs) are not sufficient for optimizing the structures [19] . For example, the temperature and stress distribution of an aerospace craft vary in both the thickness and length of the craft. The development of FGMs with material properties varying in two or three directions is, thus of great importance in practice. Investigation on vibration and bending behavior of two-directional functionally graded (2D-FGM) beams has been extensively carried out in recent years. Lü et al. [20] studied bending of a 2D-FGM beam by considering its Young's modulus varying in the thickness and length directions by an exponential law. A semi-analytical elasticity solution was derived by the authors to show the effects of material distribution on the deflection and axial stress of the beam. Also assuming an exponential-law variation for the material properties in the beam length and thickness, Simşek [21] studied dynamic behavior of a 2D-FGM beam due to a moving load. The numerical result obtained by the author reveals that the 2D-FGM beam can be tailored to meet the design goals of optimizing the dynamic response. The dynamic stiffness method was employed by Hao and Wei [22] to study free and forced vibration of 2D-FGM Timoshenko beams with the material properties being graded in axial and thickness direction by an exponential law. The natural frequencies and dynamic response of the beams under a moving harmonic load were obtained in the work by the Wittrick-William algorithm and modal superposition method, respectively. Lezgy-Nazargah [23] employed the NURBS isogeometric finite element method to examine the thermal stress in exponential 2D-FGM beams subjected to different types of non-uniform temperature field. The free vibration of a power-law 2D-FGM beam was investigated by Wang et al. [24] by an analytical method. The authors showed that a critical frequency, which depends on the material indexes, is existed and the natural frequencies have an abrupt jump when across the critical frequency. Nguyen et al. [25] studied the dynamic response of 2D-FGM Timoshenko beams by a finite element method. The finite element method was also employed in [26, 27] to study free vibration of 2D-FDG beams. Displacements and stresses of 2D-FGM circular beams due to static bending were obtained by Pydah and Sabale [28] using an analytical method. The static bending of 2D-FGM beams with exponential variation of Young's modulus was also studied in [29] by using the smooth particle hydrodynamics method. The generalized differential quadrature method was employed by Tang et al. [30] to predict vibration modes and nonlinear frequencies of power-law 2D-FGM beams.
Sandwich structures with the advantage of high strength-to-weight ratio are widely employed in aerospace application such as skin of wings, aileron, and spoilers. To improve the performance of these structures in thermal environment, FGMs can be incorporated in the sandwich fabrication. Investigations on mechanical behavior of functionally graded sandwich (FGSW) beams have been carried out by several authors in recent years. In this line of works, Bui et al. [31] employed the mesh free radial point interpolation method to study dynamic response of sandwich beam with a power-law FGM core. The authors employed Mori-Tanaka scheme to evaluate the effective material properties and the penalty technique to treat the discontinuities between the layers. Based on Reddy-Birkford shear deformation theory, Vo et al. [32] presented a finite element model for studying free vibration and buckling of FGSW beams. Natural frequencies and buckling loads were evaluated for the beams formed from a homogeneous core and two power-law functionally graded skin layers. In [33, 34] , the vibration and static bending of FGSW beams were studied by a quasi-3D shear deformation theory, a 383 theory extended from the Reddy-Birkford theory by including the thickness stretching effect. Based on a co-rotational finite element formulation, Nguyen and Tran [35] investigated bending behavior of FGSW beams and frames undergoing the large deformations. Free vibration of the first-order shear deformable FGSW beams resting on Pasternak foundation was considered by Su [36] by a modified Fourier series method. Both Voigt model and Mori-Tanaka scheme have been employed by the author to evaluate the effective material properties of the beams. Recently, Karamanli [37] adopted the qusi-3D theory to derive the equilibrium equations for bending of a two-directional functionally graded sandwich (2D-FGSW) beam under uniform distributed loads. The response of the beam has been computed with the aid of the symmetric smoothed particle hydrodynamics method to compute the deflections and stresses.
The above literature review shows that there is only one study on behavior of the 2D-FGSW beams carried out by Karamanli in [37] by using the symmetric smoothed particle hydrodynamics method so far. In this paper, the elastostatic bending behavior of a 2D-FGSW beam under various types on nonuniform distributed loads is further considered by the finite element method. The beams considered in the present work is assumed to be formed from a homogeneous ceramic hardcore and 2D-FG skin layers. The material properties of the skin layers are assumed to vary in both the thickness and longitudinal directions by a power law. Based on the quasi-3D shear deformation theory, a two-node finite element formulation with six degrees of freedom per node is derived and employed to compute the deflections and stresses of the beam. It is necessary to mention that, in addition to the nonuniform distributed loads considered herein, the finite element method used in the present paper are the two main features which are different from that of Ref. [37] . Numerical results in terms of deflections and stresses are given in tabular and graphics, and the effects of material distribution, the loading type as well as the skin-core-skin thickness ratio on the behavior of the beams are investigated and discussed. Figure 1 shows a 2D-FGSW beam with length L, rectangular cross section (bxh) in a Cartesian coordinate (x, z), where x-axis is chosen in the mid-plane. The beam is assumed to be formed from a homogeneous ceramic hardcore and two 2D-FG skin layers. Denoting z 0 , z 1 , z 2 and z 3 are, respectively, the coordinates of the bottom surface, layer interfaces and top surface, in with z 0 = -h/2 and z 3 = h/2.
2D-FGSW BEAM
The FGM of the two skin layers is assumed to be formed from ceramic and metal whose volume fraction varies in both the thickness and longitudinal directions according to [37] . Figure 1 . A 2D-FGSW in a Cartesian coordinate system.
In the above equations, V m and V c are, respectively, the volume fraction of the metal and ceramic; p x and p z are the material grading indexes, defining the variation of the constituents in the x-and z-direction, respectively. Noting that when p x = 0 the beam deduces to the conventional 1D-FGSW beam with the material properties vary in the thickness direction only. 
where P m and P c are the properties of the metal and ceramic, respectively.
MATHEMATICAL MODELS
Based on the quasi-3D shear deformation theory which includes both shear deformation and thickness stretching effects, the displacements in the x-and z-directions, u 1 (x,z) and u 3 (x,z), respectively are given by [33, 34] 
In Eq. (4) and hereafter, a subscript comma is used to denote the derivative with respect to the followed variable, e.g. ,, / , /
field given by Eq. (4) returns to the displacements of Reddy-Bickford theory [38, 39] . The strain components resulted from Eq. (4) gives are of the forms 
where v is the Poison's ratio, which assumed to be constant. The strain energy of the beam is given by
with V is the volume of the beam. Substituting Eqs. (6) and (7) into Eq. (9), one gets the expression for the strain energy of the beam in the form   
In the above equation, A 11 , A 12 , … C 22 , C 44 are the beam rigidities, which are defined as 
with A is the cross-sectional area.
The work done by the distributed load q(x) has a simple form
A system of equilibrium equations can be obtained by applying the potential energy principle to Eqs. (10) and (14) . However, due to the rigidities A 11 , A 12 , …C 22 , C 44 as defined by Eqs. (11)- (13) are function of x, and a closed-form solution for such equations is very difficult to obtained. A finite element model is developed herein to compute the response of the beam.
FINITE ELEMENT FORMULATION
A two-node beam element with length of is derived in this section for computing the response of the 2D-FGSW beam. The element contains six degrees of freedom per node, and the vector of nodal displacements has twelve components as (15) where, in addition to the axial and transverse displacements, the rotations stemming from the bending and shear deflections are introduced as 
where N is the matrix of interpolation functions with the following form. In the present work, linear functions are employed for the displacements u and w z , while cubic Hermite polynomials are used for w b and w s . In this regard, the matrix N can be written as )   with   2  3  2  3   1  2  3  2  3  2   2  3  2  3   4  5  6  2  3  2   1  ,  1 3  2 ,  2   ,  3 2 ,
The use of the above cubic Hermite polynomials to interpolate the transverse displacement prevents the element from the shear locking. Using the interpolation scheme (17)- (19) , one can write the strain energy of the beam given by Eq. (10) in the form (20) where 'nELE' is the total number of the elements used to discrete the beam, and k is the element stiffness matrix with the following form 
]
In the above equation, N (i) denotes the i th row of the matrix of the interpolation matrix N. The work done by the distributed load can be rewritten as
with f is the consistent nodal load vector with the following form
The derived element stiffness matrix and nodal load vector are assembled into structural matrix and vector to form the equilibrium equation which can be written in the form [40]  KD F
where K is the structural stiffness matrix; D and F are the structural nodal displacement and load vectors, respectively. Having the nodal displacements D obtained from Eq. (24), the normal and shear stresses are then determined.
NUMERICAL RESULTS AND DISCUSSION
This section reports the bending behavior of the 2D-FGSW beam under various type of distributed load, namely uniform, linear, parabolic and sinusoidal as illustrated in Figure 2 . To this end, a beam formed from Alunina and Aluminum with the geometric and material data given in Ref. [35] is employed herewith. Three types of boundary conditions, namely simply supported at (SS), clamped (CC) at both ends and clamped at the right end and free at the other To facilitate the numerical discussion, the following dimensionless parameters are introduced for the deflection and stresses
where w(x,0), σ x , σ z and τ xz are the mid-plane deflection, normal and shear stresses, respectively.
Formulation verification
Before computing the elastostatic response of the beam, the convergence and accuracy of the derived finite formulation and the developed computer code are firstly verified. The convergence of the formulation is shown in Table 1 , where the maximum dimensionless deflections of the SS beam with L/h = 20 under the uniform load obtained are given for different number of the elements and various values of the material indexes and layer thickness ratio. In the tables and hereafter, the numbers in the brackets are employed to denote the skin-core-skin thickness ratio as used in [32] , for example (2-2-1) = (h 1 :h 2 :h 3 ), with 1, 2, 3) . The convergence rate of the formulation, as seen from Table 1 , depends on the material indexes and the layer thickness ratio as well. The convergence is a bit slower for the beam associated with the odd indexes and asymmetric layers, but it can be achieved by using twenty elements, regardless of the material indexes and the layer thickness ratio. In this regard, twenty elements are used to discrete the beam in all computations reported below. The maximum dimensionless deflections of the SS and CC beams subjected to the uniform distributed load obtained in the present work are compared with the result of Ref. [37] in Tables  2 and 3 . Very good agreement between the finite element solution of the present work with the result of Ref. [37] can be seen from the tables, regardless of the material indexes, the skin-coreskin and aspect ratios.
Deflections
Tables 4-6 list the dimensionless mid-span deflections of the SS beam under the linear, parabolic and sinusoidal loads for various values of the material indexes, the skin-core-skin thickness ratio and the aspect ratio, respectively. The effect of the material indexes, the skincore-skin thickness ratio and the aspect ratio on the deflection of the beam under the nonuniform loading is similar to that of the beam under uniform load as reported in [37] . The mid-span deflection increases with an increase of the thickness index p z and decreases with an increase of the length index p x . The increase of the mid-span deflection by increasing p z can be explained, as seen from Eq. (1), by the higher content of metal in the FGM skin layers, and this leads to the lower rigidities of the beam. Eq. (1) also shows a lower content of metal in the FGM skin layers when p x is higher, and this leads to the decrease in the maximum deflection of the beam associated with a higher index p x . Table 4-6 also show the effect of the loading type on the maximum deflection of the beam, and among the three types of the loading shown in the tables, the sinusoidal load gives the highest mid-span deflection while the parabolic results in the lowest one. The influence of the loading type on the maximum deflection of the 2D-FGSW beam can also be seen clearly from Figures 3-5 , where the deformed configurations of (1-2-1) 2D-FGSW beam with (p x = 0.5, p z = 1) are illustrated for SS, CC and CF beams, respectively. Regardless of the boundary conditions, the beam deforms more significantly under the uniform load while it does the least under the parabolic load. Moreover, the deformed configurations of the SS and CC beams are unsymmetrical with respect to the centerline of the beam. Thus, it is necessary to note that the maximum deflections of the SS and CC beam are not always attained at the mid-span. Table 4 . The dimensionless mid-span deflection of SS beams under linear load. Table 5 . The dimensionless mid-span deflection of SS beams under parabolic load. Table 6 . The dimensionless mid-span deflection of SS beams under sinusoidal load.  at the upper point of the mid-span section, (x,z) = (L/2,h/2), for the SS beam under linear, parabolic and sinusoidal loads, respectively. Different from the deflection, at a given value of the skin-core-skin thickness ratio, the normal stress  is higher for the beam having a larger aspect ratio, regardless of the loading type. As in case of the deflection, the sinusoidal load results in significantly high normal stress comparing the linear and parabolic loads. The variation of the dimensionless normal stress * x  on the thickness and longitudinal directions of (1-2-1) SS beam with p x = 0.5, p z = 1 is shown in Figure 6 for different types of loading and an aspect ratio L/h = 20. The corresponding figures for the CC beam and CF beam are depicted in Figures 7 and 8 , respectively. The effect of the loading type on the stress distribution is clearly seen from the figures, where the amplitude of the normal stress is significantly altered when the beam is subjected to different types of the distributed load, regardless of the boundary conditions. The boundary conditions have also play an important role on the variation of the normal stress 
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Shear stress
The effect of the loading type on the shear stress of the 2D-FGSW beam can be seen from Figure 10 , where the variation of the dimensionless shear stress * xz  along the beam length and the thickness directions is illustrated for the SS beam with L/h = 20 under different types of the distributed loads. As seen from the figure, the amplitude of the shear stress is changed considerably by the loading type, and the surfaces of the stress for the uniform and sinusoidal loads are similar, but they are significant different from that of the linear and parabolic loads. 
CONCLUSIONS
The elastostatic behavior of a 2D-FGSW beam under various types of nonuniform distributed load has been investigated by a finite element procedure. The beam is considered to be formed from a homogeneous hardcore and 2D-FGM skin layers. Based on the quasi-3D shear deformation beam theory, a finite element model has been derived and employed to compute the elastostatic response of the beam. The accurate of the derived formulation in evaluating the bending characteristics of the beams has been confirmed though an comparison study. The obtained numerical results reveal that in addition to the thickness material index, the gradation of the longitudinal exponent also pay an important role in the elastostatic behavior of the beams. The elastostatic response, in terms of maximum deflection and stresses, of the beams under the nonuniform loading is not significant comparing to that of the beam due to uniform loading, regardless of the boundary conditions. A parametric study has been carried out to illustrate the influence of the material distribution, the skin-core-skin thickness and aspect ratios on the response of the beams. The effect of the loading type on the deflections and the distribution of the normal and shear stresses has also been examined and highlighted.
